Heat Equation

Fangjun Zhu
November 24, 2025
Here we will study the equations
Au=f
and
ou—Au =f
u(x,0) = 1p(x)

on either R” or on manifolds. On R" we will take A = Y; 9?.

1 Harmonic, Subharmonic and Superharmonic functions on R”

Let’s begin by proving the following important formulas. Throughout: () will be an open subset
of R" and H"~!(dy) will denote the surface measure of the relevant n — 1-dimensional surface in
R". Also, whenever I write X for X a subset of R”, I mean that X is the closure of X in R”. So if I
write X C Q I mean that the closure of X in R” is contained in Q, not that the closure of X in Q is
contained in () (which is always true).

Lemma 1.1. Let u : Q — R be a C? function and suppose B,(x) C Q. Then

d n n— _ 1-n n
d( /aB,(x>”(y>” 1<dy>>—r1 /W(A“)W y.

Proof. We compute:

% (Vl_n/ u(y)H”‘l(dy)> = di / u(x 4 rz)H" 1(dz) viay = x +rz
98, (x) r Jas, (0

= (Vu)(x+rz)- ZH" 1 (dz)
9B1(0)

= / rdiv(Vu)(x +rz)d"z by divergence theorem
B (0)

=yl / (Au)(y)d"y viay = x +rz.
By (x)

O

As a corollary, we obtain the following important result concerning harmonic, subharmonic and
superharmonic functions.

Corollary 1.2. Let u : Q — R be a C? function, x € Q and denote

1
o) = gy, L O @)
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If Au = 0 (i.e. u is harmonic) then ¢(r) is constant. If Au > 0 (u is subharmonic) then ¢(r) is monotoni-
cally increasing. If Au < 0 (u is superharmonic) then ¢(r) is monotonically decreasing. In particular:

If Au = 0 then u(x) = er_” /aB ( )u(y)?—[”_l(dy)

1
— ( —
1
If Au > 0 then u(x) < 7#*”/ u(y)H" 1 (d
1
If Au < 0 then u(x >7r1*”/ u(y)H 1 (dy).
8w < 0then () 2 g [ty

Proof. By 1.1 it follows that ¢'(r) = 0 (respectively ¢'(r) > 0 or ¢'(r) < 0) if Au = 0 (respectively
Au > 0 or Au < 0). Therefore, it suffices for us to prove that

lim (1) = u(x).
Towards this end, let € > 0. Since u is continuous at x, there exists a § > 0 such that
if y € Q) satisfies |[x —y| < ¢ then |u(x) —u(y)| < e.
Then, for r < 6 we have:
y€0B(x) = |x—y|<é
and so for r < é we have
40) = 9101 = |49~ ey o MO )]

_ u(x) n—1 o 1 n—1
~ T BT o~ TG M)

wCH ) = [ty )

_ 1 /
- Al (aBr<x))‘ 9B, (x) 9B, (x)

1

< H"1(9B,(x)) /BB,(x) u(x) = u(y)| 1" (dy)
1 n—1
< BB g W

<e.
Therefore, by the € — § definition of the limit, we indeed have

lim g(r) = u(x).

O

Sometimes it will be useful to have versions of the above result where we integrate over B, (x)
instead of the boundary 9B, (x).

Lemma 1.3. Let u : Q — R be a C?-function and suppose B,(x) C Q. Then:

a (r_”/ u(y)d”y) = r‘”l/ s/ (Au)(y)d"yds.
dr B,(x) rJo  JBy(x)



Proof. Again, we compute:

d( _, / d / .
— | r u(y)d™y | = — u(x+rz)d"z viay=x+rz
7 ( -~ (v) y> ar o, o) (x+rz) y

1
:// (Vu)(x +rz) - zH" 1 (dz)ds
0 JoBs(0)
1
= s w)(x +rz) - ZHV(dz2)ds
-/ /aBS(O)w (x4 r2) - S dz)a

1
= / s / r(Au)(x +rz)d"zds by divergence theorem
0 Bs(0)
1 T
= 7/ a/ (Au)(x +rz)d"zda viaa =rs
rJo Ba/r(o)

T
= f”l / a/ (Au)(y)d"yda viay = x+rz
rJo a ()

and our result follows from renaming a to s. O
We now obtain a corollary analogous to the above.
Corollary 1.4. Let u : Q — R be a C? function and x € Q. Define:

1 n
P(r) = 7'l”(Br(x))/B,(x) u(y)d"y.

If Au = 0 (respectively Au > 0 or Au < 0) then (r) is constant (respectively monotonically increasing in
r, or monotonically decreasing in r). In particular:

If Au =0 then u(x) = anBl)rn/B ( )”(y)d”y
y(x
1
H"(B1)

oy
By(x)
1

’
If Au < 0 then u(x) > r‘”/ u(y)d™y.
If Au < (%) 2 28, ) (y)d"y

If Au > 0 then u(x) <

Proof. The first part of the corollary follows, as with the previous corollary, explicitly from 1.3. So,
all that remains is to prove that

lim (1) = u(x).

The proof for this is the exact same as the previous corollary, except with dB,(x) replaced with
B, (x) and H"~1(dy) replaced with d"y. O

As a consequence of this, we obtain the maximum principles that Yau likes to use in his proofs.

Corollary 1.5. Maximum Principle V1
Let u : Q — R be a C? function, Q be connected, and suppose that Au > 0 (respectively Au < 0) on Q.
Further, suppose that there existed a xo € ) such that

|supu| < co (respectively |igfu| < 00) and u(xg) = supu (respectively u(xp) = igfu).
9) 9)

Then u is constant. In particular, if Au = 0 on Q) then u cannot achieve its supremum or infimum in Q).



Proof. We will begin with the case where Au > 0. In this case, let’s define

M:=supu =u(xg) and Qp:={y € Q : u(y) = M}.
o

Since u is continuous, () is closed as a subset of () and furthermore xg € (2p; so (21 is non-empty.
Now, let z € Q) be arbitrary and choose r > 0 such that B,(z) C Q). Notice that

Alu—M)=Au>0 and u(y) —M =u(y) —supu <0 forall y € Q
9)

so that © — M non-positive, and also subharmonic. By the mean value inequality 1.4 applied to
u — M instead of u, and using that z € Q) hence u(z) — M = 0, we have:

0=u(z) —M< (u(y) — M)d"y <0 since u(y) — M < 0forall y.

1 /
H (Br(Z)) By(Z)
l Ilus

0< / (u(y) — M)d"y <0 hence / (u(y) — M)d"y = 0.
B, (z) B, (z)

But since u(y) — M < 0 for all y € B,(z) and u is continuous, this integral vanishing must imply
that the integrand vanishes. Hence

u(y) —M =0 forally € B,(z).
Thus, recalling the definition of (), we have
B, (Z) - QM

and hence () is open in Q). Thus Q) is clopen in (2 and, since () is connected, we have Q2 = (.
By the definition of () this implies:

u(y) =M forall y € Q, hence u is constant, as desired.

Let’s now turn to the second part of the theorem: assuming that Au < 0 and that there exists xy € (
such that
u(xg) = infu.
(x0) = in

Define v := —u. Then Av = —Au > 0 and

v(xo) = —u(xg) = —infu = sup(—u) = supv.
0 0 o)

Therefore v satisfied the assumptions of the first part of the theorem hence v is contant. But then
u = —v therefore u must be constant, as desired. O

Corollary 1.6. Maximum Principle V2
Let u : O — R be a continuous function such that u|q is C2. Assume that Au > 0 (respectively Au < 0)
on Q). Furthermore, assume that Q) is bounded and connected. Then:

supu = supu (respectively infu = infu).
a Ele} 0 o0

Proof. For the first part of the corollary, we assume Au > 0. Since Q) is compact and u is continuous
on Q) it follows that | sup u| < oo and there exists a xg € () such that

u(xp) = sup u.
[e)



If xg € 9Q) then we are done since then Q) C () implies

u(xg) <supu < supu = u(xg)
Q) O

hence

sup u = u(xp) = sup.

Q) Q
On the other hand, suppose xg ¢ 9Q) and hence xy € Q). Then, by 1.5 it follows that u is constant
on Q. But now, since u is continuous on Q it follows that u is constant on Q as well. Indeed, let
M := u(xp) and let y € Q be arbitrary. If y € Q then u(y) = M since u|q is constant so let’s assume
instead that y € dQ2. Then, by definition, there exists a sequence y1, ¥, ... in (2 such that

y = lim y.
k—o00
Since u is continuous on Q) we then have

u(y) = lim u(y;) = im M =M

k—o0 k—o0
hence indeed u is constant (and equal to M) on all of Q. But now:

supu =supM =M =supu

Q) o0 Q
as desired.
For the case where Au < 0 we do the same trick as in the proof of 1.5 where we let v := —u and
notice that Av > 0. O

As a final corollary, we demonstrate how one can obtain the Harnack inequalities from the above.
There are two versions of these inequalities. The first version is one we can prove directly and this
is done below.

Theorem 1.7. Harnack Inequality V1

Let u : Q — R be a C? function with Au = 0 and let U C Q be a connected bounded open subset with
U C Q and U path connected. Then there exists a constant C = C(n, Q, U) > 0 (this notation means that
C depends only on n, Q) and U, but not on u) such that if u > 0 on Q) then

supu < Cinfu.
u u

Proof. We begin by considering the case where y € Q, By,(y) € Q and U = B,(y). Towards this
end, let x1, x, € B,(y) be arbitrary and notice that for any z € B,(x1) we have

lz—yl <lz—xi[+[xi—y| <r+r=2r

hence
Br(xl) - BZr(y)-

Similarly, for any z € By,(y) we have:
|z—x| < |z—y|+ |y —x2| <2r+r=3r

therefore
Bor(y) C Bsr(x2).



Then, making use of the mean value equality of 1.4 for Au = 0 we have

1 n
”m:wwmmLMﬁ@“

1
< — u(z)d"z since u > 0 and B,(x1) C B
< B > 0and B,(x1) € B (y)

and

1 n
u(xy) = H"(Bar (x2)) /B3y(xz) u(z)d"z
1

2 TR T u(z)d"z since u > and B C Bzr(x2).
~ H"(Bsr(x2)) /Bz,(y) (2)d"z since u > and By (y) € Bar(x2)

Combining these two inequalities we have

1 n
TG )"
- H" (B3 (x2)) 1 .
~ H"(By(x1)) H"(Bs(x2)) /Bz,‘(y)u(Z)d z
H"(Bsy(%2))
< B 1)
= 3"u(xy).

u(xy) <

So, in summary we’ve shown that if By, (y) C Q then for all x1, x, € B,(y) we have
u(x1) < 3"u(xy)
and hence for every x; € B,(y) we have

sup u < 3"u(xy)
B:(y)

therefore finally:
sup u < 3" inf u.
By (y) By (y)

Next, we consider the general case of U bounded open and connected with U C Q. Since u is
continuous and U is compact, there exists x1, x, € U such that

supu = u(x1) and infu = u(xp).
u u

Since U is path-connected, it follows that there exists a continuous map
v :10,1] = U such that y(0) = x; and (1) = x».
Since U is compact and U C Q) with Q) open, it follows that
dist(U, Q°) € Rog U {+0o0}
and so we can choose an r > 0 such that

5r < dist(T, QO°).



Then, for every y € ¢([0,1]) C U we have By, (y) C Q. Let:
B,(U) :={y e R" : dist({y},U) <r} CQ
and
N := the maximum number of disjoint balls of radius /5 that can be contained in the compact set B, (U).
Since r depended only on U and (), it follows that N depends only on U, (), n. Notice that N is
finite since if B, 5(y1), ..., B;/5(ym) are disjoint balls contained in B,(U) then

H"(B,(U)) Z Br/5(yx)) = H"(B1)(r/5)"k

so that L
o - H(B,5()
~ H'(Byys)
Since N is the supremum over all such k’s we indeed have that N is bounded by the right hand side
of the above inequality. Now,
101 S U Bysy)

yer([01])

and ([0, 1]) is compact therefore there exists a finite subcover

< oo since B, 5(U) is compact.

7([0,1]) € | Br/s(yk) for some yy, ..., yx € ¥([0,1]).
k=1

By the Vitali covering theorem, there exists a subset {z1, ...z} C {y1, ..., ym } such that
B,/5(zi) N By/5(zj) = @ fori # jand

J4
1)) € | B(zo)-
k=1

Furthermore, by our definition of N we have
¢ <N.
Reordering the z;’s so that:
x0 = ¥(0) € By(z1), x1 = v(1) € B;(z¢), and B,(z;) N By(ziy1) # @ foralli

we can arbitrarily choose z; € B,(z;) N By(z;41) for eachi = 1,..., £ — 1 to obtain, from the first part
of our proof, that

u(xg) < 3"u(z)) <3%u(zh) < - < 3™u(z)) < 3" u(xy).

Since £ < N we arrive at

u(xg) <3Ny (xy).
But since we chose x, x1 such that

u(xp) =supu and u(x;) = infu
u u

we arrive at

supu < 3N infy

u u

as desired. 0



The key to the second version of Harnack’s inequality is the following.

Lemma 1.8. Let u : Q — R bea C® function and suppose Au = 0. Then v := |Vu|? is subharmonic (i.e.
Av > 0). More generally, if u is any C3 function (not necessarily harmonic) we have

A|Vul? = 2| Hess(u)|> +2(Vu, V(Au))

where |A|? is defined to be the “L?-matrix norm” of A, defined during the proof, and (—,—) is the dot
product.

Proof. Here we will let Hess(u) denote the Hessian matrix of u:

Pu . QPu
ax% dx19xy
Hess(u) = ) :
Pu_ .. Qu
dx0x1 ax%,

Furthermore, given an n X n matrix A with entries A; ; we write:
2 2 Sy A2
|A|* = ZAL]. = 2 Z A7 > 0.
i,j i=1j=1

Let’s now compute:

AlVul> = A (i(aiu)2>

=) (2(ajaiu)2 +2(9;u) (8?8@1)) by product rule again
i,j
=2) (9;0;u)” +2) (9u)(d;07u)
ij

L

= 2|Hess(u)[> +2}_(0;u) (9;Au)

i

= 2| Hess(u)|? 4 2(Vu, V(Au))

where (¥, /) denotes the dot product of vectors. Since Au = 0 by assumption we have
A|Vo|? = 2| Hess(u)[> > 0

as desired. O
This second version of Harnack’s inequality is actually with regards to the heat equation
oiu —Au=20

and, in the more general case where we are on a compact Riemannian manifold with non-negative
Ricci curvature, is often called the Li-Yau Harnack inequality.



Theorem 1.9. Harnack Inequality V2

Let u : [T-,T+] x Q — R be a C*-function which solves d;u — Au = 0 on some open neighborhood of
[T_, T4] x Q C R"*! and satisfies u(t,x) > 0 forall (t,x) € [T, T+] x Q. Furthermore, assume that on
(T—, T+] x 0Q) we have

n%/2

—T_ :

Then the above inequality actually holds on all of (T, T4] x Q.

1 1.«
aatu—ﬁ‘vld Z_t

Proof. Throughout, when we write Hess(f) for a function f : [T_, T1] x QO — R we only consider
the derivatives in the Q)-directions (not the t-directions) so that Hess(f) is still an n x n matrix.
Similarly, V f does not include the 0;-direction so that it is still a vector of length 7.

Now, u is continuous and [T_, T+ ] x Q) is compact therefore there exists (to, xp) € [T—, T+] x Q so
that
inf  u=u(ty,x9) >0
[T_, T+ ]xQ
and therefore the function f := log(u) is smooth on [T_, T1] x Q. We compute, using the chain
rule, that:
1
Vf=-=-V
f=Vu

n
soAf =) 6]2» log(u)
=1

1 1

= ;a] <u8]u>
n
2 ( (0ju)(9ju) + 82 ) by product rule

1
——|Vu|2 + —Au
u2 u

IV + 2 o
and thus o;Af = Adsf

SNEN
N

~ (Af+ V)
= A(Af) +2|Hess(f)[> 4+ 2(Vf, V(Af)) by lemma 1.8.

Now, for an n x n matrix A with entries A;; we can notice that our |A |? defined earlier is equal to

the result you get if you interpret A as a vector of length n? and consider the dot product of A with
itself. Interpreting the n x n identity matrix as a vector of length 12 in the same way, we can write
the trace of A as a dot product via:

Tr(A) = (A D).

Applying the Cauchy-Schwarz inequality we get:

[ Tr(A)[? < |AP|I? = n?| AP



Applying this to A = Hess(f) and noticing that Af is the trace of Hess(f) gives us:

1
3 (Af)? < | Hess(f) .
So if we let F := Af then F satisfies the differential inequality:
2

o;F — AF —2(Vf,VF) — ﬁpz > 0.
Now, consider instead the function:
2
2 _
v(t,x) = —tn_/T on (T_,T4] x Q.

Since our gradients V don’t include the t-directions we have Vv = 0. Furthermore:

oon?/2 2, 2 nt/4
== 50" = ——.
(t—T_)2 n? n? (t—T-)?2

Thus v satisfies the differential equality
2 5
atv —Av — 2<Vf, VU> — ﬁv =0.

Now, F is smooth on the compact set [T_, T+ ] x Q and is therefore bounded below. Since

lim v(t,x) = —oo for all x
AT

it follows that there exists a0 < § < T4 — T_ such that:
o(t,x) < F(t,x) forall (t,x) € (T, T- + 6] x Q.
Now, suppose for contradiction that there existed (¢, x) € (T— + 6, T+] x Q such that
h(t,x) := F(t,x) —v(t,x) <O0.
Let A € R, to be determined later, and

—€:= inf AT p(x) <0
(LX) E[T-+0,T4|xQ

and
S:={se[T_+6,T,] : 3x € Qsuchthat A" T-"p(s, x) = —¢}.

Since S # @ by assumption, & is continuous, and since h(T_ 4, —) > 0 it follows that
to:=infS € (T- 40, T4]

and that there exists xy € Q such that
eAto=T-=0p (1), x0) = —e.

By our assumption concerning u on (T_, T, ] x 0Q) it follows that 1 > 0 on [T— + J, T+ ] x 0Q) and
therefore xp € Q). Since () is open is follows that x is a local minimum for h(tp, —) and hence:

Vh(to,Xo) =0 and Ah(to,Xo) > 0.

10



Furthermore, since ty = inf S we have

ot (eA(t_T* “n(t, x)) <0

(t[)/x())

and so
ath(fo, XO) < —Ah(to, Xo).

Putting this together gives us:
ath(fo, XQ) — Ah(f(), XO) — 2<Vf(f0, XO), Vh(to, XO)> < *Ah(to, XO).

Inserting into this equation our definition of # = F — v and using the equations satisfied by F and
v give us:
2
ﬁF(f(), XQ)Z < atF(to, XO) - AF(fo, X()) — 2<Vf(f0, Xo), VF(f(), XO)>
< atv(to, XO) — AU(i’Q, XO) - 2<Vf(i’0, Xo), V'U(t(), XO)> - AF(tQ, XO) + Av(fo, .X())

2 A0l

It's now the time to choose A, but we should remark that we are not allowed to make A depen-
dent on t( or xj since we used A in the definition of ¢y and x(. Since F(to, xo) — v(to, x9) < 0 by
assumption, rearranging the above inequality leads us to

An?
F(to, x0) + v(to, x0) = ———
But now consider
B:= sup (F+vo).

[T, +5,T+] Xﬁ

This supremum is finite since our functions are smooth on the compact domain [T_ + &, T+] x Q.
If we then choose any A € R with A < —2B/n? we obtain a contradiction. Therefore we actually
have

n%/2 _
e < F(t,x) forall (t,x) € [T_, T4] x Q.
Recalling now that
1 |Vul?
F=Af=-Au—
f ut u2?
and that Au = d;u we arrive at our desired result. O

A good question to ask is: why is the above theorem called a “Harnack Inequality”? How is it
related to the previous Harnack Inequality? The following corollary is the reason for this name.

Corollary 1.10. Let u : [T_, T4] x Q — R be a C* function solving d;u — Au = 0 on a neighborhood
of [T, T+] x Q) and satisfying

n%/2

1 1
;atu - ﬁ|Vu|2 > ~7 on (T, T4] x 0Q).

Then, for every (x1,t1), (x2,t2) € [T, T4] x Q with t; < t, we have:

u(ty, xq) < (tl —7 ) exp <|x2 —x1]2/4(ty — t1)) u(ty, x2).

11



Therefore, whenever t1 < ty we have

B n/2 .
supu(ty, —) < (tz T_> exp (diam(0)2/4(t2 - t1)> infu(ty, —)
a t — T_ Q

where o
diam(Q)) :== sup |xp — xq].
x1,%€Q

2 Harmonic functions etc. on a Manifold

Suppose (M, g) is an n-dimensional Riemannian manifold. Recall that the Laplacian (on functions)
on M is given in local coordinates by

_ 1 9 (i of
bef = e Do (¢7\/I1der0l 5% ).

The manifold (M, g) is also equipped with a measure y; which in local coordinates is of the form

pig(dx) = /| det(g)|H" (dx) with H" equal to the Lebesgue measure in that chart.

Below, we give the local-coordinate expressions for (j’th component of) the gradient of a function,
and the divergence of a vector field on M:

Y.
(Vf)]—;g]@
o ER N e

div(X) = det(g)lzaxi( d t(g)|X).

Furthermore, we introduce the convention that if X is a vector field on M then we denote by:
| X| = Zginin =1/8(X,X)
g

the scalar function whose value at p € M is the length (with respect to the inner product g(p)) of
the tangent vector X(p) € T, M.

Definition 2.1. Let diag(M) := {(x,x) € M x M : x € M}. A Green’s function on M for the
Laplacian A, is a smooth function

G:(Mx M)\ diag(M) - R
with the following properties:
1. For each y € M, the function Gy(x) := G(x,y) isin L}, (M, dug).
2. For each x,y € M with x # y we have AG,(x) = 0.
3. For each y € M, the function G, : M\ {y} — R satisfies Gy(x) > 0 for all x # y,

igrr; Gy(x) = and {x € M : Gy(x) > a} is compact for all a > 0.

4. VGy(x) #0forallx #y, x,y € M.

12



As a good example, notice that G(x,y) = |x — y|> " is a Green’s function on M = R" (recall: we
assume throughout that n > 3).

Lemma 2.2. For p € M, denote
—1/(n—-2) ;
by(x) := {Gp(x) z‘fx 7r
0 ifx = p.
Then by (x) is smooth away from x = p, it is continuous at x = p, and it solves
n—1 5

Agby = 7|pr| away from x = p.
Furthermore, the sub-level-sets {x € M : by(x) < a} are smooth n-dimensional compact submanifolds of
M with boundary b= ({a}).
Now, the tangent space to the level set b~!({a}) at a point x is the subspace of TyM given by

Teb 1 ({a}) = {F € TeM : g(7, Vb,(x)) = 0} C Te M.

By restricting the inner product g, on TyM to Tyb~!({a}) we get an inner product h on Txb~! ({a}).
Doing this for each x € b~1({a}) gives us a Riemannian metrix & on b=!({a}). Let

Ag := volume measure of the Riemannian manifold (b=1({a}),h).

Lemma 2.3. Let f : M — R be a smooth function. Then
Lo F@IVh @A) = [ div(FVg)(xns(dx)
b-1({a}) {b<a}

Proposition 2.4. Let f : M — R be a smooth function. Then

% <r1—" /b ) f(x)|Vb(x)Ag(dx)> =" /{ bga}(Agf)(x)Vg(dx)'

We can now use this to develop mean value inequalities, maximum principles and Harnack in-
equalities for the Laplacian on (M, g)! There are two more important ingredients, however:

1. We will need to compare the volume of the level set b1({a}) to the volume of the sphere
0B, (p), and then compare the volume of 3B, (p) in M to r!~".

2. When doing Harnack inequalities, we will need to contend with the fact that our computation
of A|Vu|?> on R" doesn’t exactly yield the same result on a manifold (M, g). There is an extra
error term involving Ricci curvature.

3 The Heat Equation on R"”

Similar to how we needed to use level sets of a Green’s function to study the Laplacian on a mani-
fold, we will need to use level sets of a fundamental solution to study the heat equation. However,
for the heat equation we are forced to do this already on IR"!

The heat equation is given by
Ju—Au =0
u(x,0) = ug(x)

13



where 1 is a given function of x. Assuming, for example, that 1y € L?(IR") we can solve the heat
equation by introducing the function:

K(x,t) := (47t) "2 exp(—|x|?/4t).

It then follows that the solution u to the heat equation is given by

u(x, t) = /n K(x —y, Hug(y)d"y.
The analogues of our balls B,(x) from our analysis of Laplace’s equation here will be the subsets:
E/(x,t):={(y,s) e R" xR : s<tand K(x —y,t —s) >r "}.
Let’s think about what E,(x, f) looks like for a bit. If we hold s = s fixed we can compute that

@ isttors<t—£

E(x,t)N{(y,s) : s=s0} = {{(%SO) |y|2 ZL ni(t—s) 10g(r2/47'((t—3))} otherwise.

So, for s in the range t — 1~ <'s < f, the y-cross-section of E,(x, t) looks like a ball of radius:

At~ ) log(r?/4(t ).

To get some intuition for this, you can write it as

r\/n<I>(47'c(t —s)/r?)/2m where ®(a) =alog(1/a)

and you can view a graph of ®(a) on Wolfram.

x—yl*
d"yds = 4r".
/Er(x,t) (tfs) Y

TODO: The function |x — y|?/(t — 5)? should arise from viewing this as an integral in R” x R
with respect to some sort of hyperbolic metric.

Lemma 3.1.

Proposition 3.2. If () C R" x R is an open subset and u : Q) — R is C2 then for E,(x,t) C Q) we have

d —n/ x—y? 4n / ) )
ar \7 ’ d'yds | = — osu — Au)log(r*K(x —y,t — s))d"yds.
dr ( Er(xt) uys )( 5)? Y rntl E,(x,t)( s ) log(r"K(x —y ))d"y

Corollary 3.3. Let Q C R" x R be open, u : Q — R a C? function and denote

- x—yP?
r::r"/ u(y,s d"yds.
¢(r) b e W:s) sz @Y
If oyut — Au = 0 then @(r) is constant. If oy — Au > 0 (i.e. u is a supersolution) then ¢(r) is monotonically
increasing for r < 1. If 0;u — Au < 0 (so u is a subsolution) then ¢(r) is monotonically decreasing for r < 1.
In particular:

If osu — Au = 0 then u(x, t) = 4111 / u(y,s) lx—yP 5d"yds

(t—s)?

If osu — Au > 0 then u(x, t) < L/ u(y,s)'x_y|2d”yds
4 JE (xp) (t—s)?

If o;u — Au < O then u(x, t) > L/ u(y,s) |* _y|2d”yds.
4 Je (v (t—s)?
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4 Existence of Green’s Functions on a Manifold

We mostly follow Aubin’s books and a few papers here.

Theorem 4.1. Let (Q), §) be a compact oriented n-dimensional Riemannian manifold (n > 2) with boundary
0Q). Then there exists a function o o
G:QxQ\diag(Q2) - R

satisfying the following:

1. G is smooth. Furthermore, for all x,y € Q with x # y we have G(x,y) = G(y,x). If x,y € Qwith
x # y then we also have G(x,y) > 0. Finally, if x € Q and y € 0Q with x # y then G(x,y) = 0.

2. Fix x € Q). Then there exists C = C(dg(x,0Q)) > 0 such that for all y € Q with y # x we have:
Cdg(x,y)*" ifn>3
‘Gl y)| < | Sty "=
C(1+[log(dg(x,y))|) ifn=2,
* [VyG(x,y)| < Cdg(x, )",
o |V§G(x,y)| < Cdg(x,y)™".

3. Forall ¢ € C?(Q)) we have:

= [ Gln a0 Wns(ay) — [ (3,,Gx)p(w) As(d)
for 7 the outward normal of 9C) and Ag(dy) the surface measure on 9C).
Proof. (Sketch) Fix x € () and define

_ J((n=2)wpz)dg(x,y)> " f(dg(x,y)) forn >3
by {—(2”)1f (dg(x,y)) log(dg(x,y)) forn =2

where f(r) = 0forr > (k+1)~! inj, (x) withk € N, k > 1/2 to be determined. We then iteratively
define:

« T(x,y) = Ti(x,y) == —A,H(x,Y),
* Tini(xy) := [oTi(x,2)T1(2,y) pg (dz).
Then, for our k > n/2 we let F be the solution to
AyF(x,y) =Tia(x,y)
F(x,y) = 0fory € 0Q).
Using all of this we can finally define G as:
k
G(x,y) = H(x,y) + Z | Tilo2)H(z y)ug(dz) + F(x,y)
and this will work. O

We now use the above result for the case of (M",¢) complete and non-compact. Fix x € M. By
Nash'’s theorem (this is probably overkill) there exists a sequence of compact submanifolds ); C M
with smooth boundary such that

xe€y, O €Oy, and M= O
i=1
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Let G;(x,y) denote the (Dirichlet) Green’s function for (); from the above theorem.

Consider then the sequence of functions G;(x, —). By the maximum principle, Dirichlet boundary
conditions, and positivity of the Green’s functions it follows that

Gii1(x,—) > Gj(x,—) on ); foralli.

Furthermore, for every compact subset K C M \ {x} one can use the maximum principle and the
Harnack inequality to prove that the oscillations

osck Gi(x, —) :=sup{Gi(x,y) : y € K} —inf{G;(x,y) : y € K}

are uniformly bounded in i for 7 sufficiently large such that K C ();. So, in conclusion, to define G
as a limit of the G;’s we only need some sort of uniform boundedness of the sequence.

If there existed an f € C®°(M) such that f(y) > 0 for ally € M, f is non-constant, and Af = 0 then
we can use f to demonstrate sufficient boundedness for us to define

G(x, —) == lim G;(x, —)

1—00

and the resulting Green's function G(x, y) will be positive and symmetric.

Otherwise, no such f exists. This implies the following:
if u is a bounded harmonic function on (M, g) then u is constant.

We then claim that there exists 4; € R and a subsequence of f;(x, —) := G;(x, —) — a; that converges
on compact subsets of M \ {x}. The difficulty then is the potential for a; to depend on x. This is
what we use the above consequence of no such f existing to deal with.

Theorem 4.2. Let (M",g) be a complete, connected, non-compact Riemannian manifold. Then there exists
a smooth function
G: M x M\ diag(M) — R

satisfying the following:
1. for x # yin M we have G(x,y) = G(y, x),

2. given x € M and K C M compact with x € K there exists C = C(K) > 0 such that the three bullet
points of (2) in theorem 4.1 hold,

3. for ¢ € C2(M), we have:
#0) = [ G0 wnslay).

Corollary 4.3. Let (M", g) be complete non-compact and connected. Then there exists a positive symmetric
Green's function on (M, g) if and only if there exists a p € M, R > 0 and component of M \ Br(p) which
admits a non-constant bounded harmonic function f whose infimum on this component occurs at infinity.

As an aside, the symmetric Greens function constructed from theorem 4.1 above has the property
that for every x € M and r > 0 we have

sup G(x,y) = sup G(x,y).
yEM\B;(x) y€IB, (x)

However, in general, G is not bounded below.
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5 Existence of Heat Kernel on a Manifold

As in the previous section, let (M", g) be complete and non-compact and choose an exhaustion by
compact submanifolds with boundary:

Qi COiy, M=
i=1
From spectral theory, we know there exists an orthonormal basis ¢;; for L?(€)) (all real-valued)
such that:
—Aij = Ai(Qi)¢i
Pijlao, =0
with 0 < A1(Q);) < A2(Q;) < - -. Furthermore, we know that A;(€);) — coas j — co.

Note: If ); is connected then A (Q);) < A»(Q);). Furthermore, for t > 0, e'® is bounded and self-
adjoint on L?(Q).

We now set

pi(x,y,t) = Y e g, (x) i i(y)

j=1
and notice that the Weyl law

A () ~ en(j/ Vol())¥" asj — oo

implies convergence of p;(x,y,t) in CK _

(Q; x Q; x (0,00)) for all k > 0.

Proposition 5.1. For every t > 0 and x,y € Q; we have p;(x,y,t) > 0. Furthermore, p; € C®((); X
Ql' X (O, oo))

This is proven using the parabolic maximum principle. Namely, set
O .= 0; x (0,T) and 9pQT0QT \ {(x,T) : x € O}.

Then if u € C° (ﬁlT) N C*(QF) solves 9;u = Au on Qf we have:

supu = sup u and infu = inf u.
of apQf of pQf
1 1

This also implies that for every x € (); and every ¢t > 0 we have

/nz- pi(x,y, )pg(dy) < 1.
Corollary 5.2. Forall x,y € Q);, t > 0 we have
pi(x,y,t) < pipa(x,y,b).
Using this we can define
p(x,y,t) = lim pi(x,y,£) € Rxo U {oo}.

The key point is now that our above integral bound on p;(x, y, t) implies that for every x € M and
t > 0 we have

/ p(x,y, pg(dy) <1
M
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and so p(x,y,t) < co almost everywhere! Furthermore, if e/® is defined on L?(M) via spectral the-
ory then p(x,y, t) is an integral kernel for this operator!

Aside: Via a “monotonicity in ¢” theorem one can show that for every x € M, p(x, x,t) is monotone
increasing in ¢ for t > 0.

Theorem 5.3. If (M",g) is complete with Ricg bounded below then for every x € M and t > 0 we have

/ p(x,y, tug(dy) = 1.
M

This conclusion is called stochastic completeness.

6 Connections/Covariant Derivatives

Throughout, U C R" is a connected open set. A connection, acting on C® (U, R¥), is simply a
collection of n smooth maps:
Ai U — Mk(]R), i= 1,..,n

where My (R) is the collection of all k x k matrices with entries in R. We often write
A= Apdx' + - + Apdx”

which, for the moment, is just a notation and we use A to denote this connection. Forw, g € {1, ..., k}
we write the a, B-entry of the matrix A;(x) (« labeling the row, and f labeling the column) as A} 8 (x).

Often we assume that:
Al = —A; foralli.

Now, suppose f : U — R¥ is a smooth function. Let f, ..., f* : U — R denote the components of f.
We define the gradient of f to be the matrix of functions with k rows and #n columns given by

\a
Vf:=
v fk

where the gradients V f are interpreted as row vectors. For any smooth vector field

X:U—=R"
we can define a smooth function
Vxf:U— RF
by
(Vf1,X)
fo = .
(V5 X)

where (—, —) denotes the dot product.

Definition 6.1. Given a connection A we define the covariant derivative associated to A to be the
operator V4 given by

VA C®(U,RF) — C®(U, My, (R))
VAf:=Vf+ (Af - Auf)
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where each A;f is a column vector in RF so that the right hand side indeed has k rows and n
columns. For any smooth vector field X : U — R” we denote

VAf = Vf+ i(Azf)X’

where X' is the i’th component of X.
Below we list several of the main properties of covariant derivatives.

Proposition 6.2. Let A be a connection, f, fi, f» : U — RF smooth, a € R, h € C*®(U) and X, X1, X :
U — R" smooth vector fields. Then:

1. VE(fi+af) = VLfi +aVifo. ie V4 is Rlinear.

2. V§1+hx2f = V?}lf + hVQZf. ie. VAf is C°(U)-linear.

3. (product rule) V%(hf) (Vxh)f +hV4 4f.

4. Suppose Ay, ..., Ay all satisfy AiT = —A;. Then Vx(f1, f2) = <V§f1,f2> + <f1,V‘§f2>.
The main utility of connections comes from the following calculation.

Proposition 6.3. Gauge Equivariance
Suppose f : U — RF and ¢ : U — GL(RF) are smooth functions and A is a connection. For each x € U
we can multiply the vector f(x) into the matrix ¢(x) to obtain a new vector and so we get a new function:

(gf)(x) := g(x)f(x) € RX.

Writing ¢~1 : U — GL(IR¥) for the function mapping x to the inverse matrix of g(x), we then let g(A)
denote the new connection given by g(A)1, ..., §(A)n : U — My (R) where

§(A)i = —(0ig)g™ ' + A" for i=1,..,n
Then, for any smooth vector field X : U — R" we have

Y (gf) = gVxf.

Proof. We simply compute:

Y (gf) = Vx(gf) +ZXZ (9ig)g " +8Aig ) (gf)

|
=

Y- (X0i(sf) — X' (0:g)g"8f + X'gAig™'gf )

Il
—_

I
1=

Y- (eXaif + X Aif )

/\ll

fo+ZXAf>

= gVif.
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The point of the above identity is the following. The transformations such as g are to vector bundles
what coordinate transformations are to smooth manifolds. So the above transformation law will
tell us how a connection transforms under the vector-bundle-analogue to a change of coordinates.

For now, let’s give an alternate characterization of a connection.

Proposition 6.4. Suppose we had a map
D: C™(U,R¥) — C®(U, My ,(R))

where, for f € C®(U,RX) and X : U — R" we write the product of the matrix D f with the vector X as
Dx f. Furthermore, suppose that D satisfied the first three properties in proposition 6.2. Then there exists a
unique connection A such that

D=V~

So, as we'll see later, one can use the first three properties of proposition 6.2 to define a covariant
derivative/connection on a vector bundle over a smooth manifold. Then, proposition 6.4 tells us
that locally (i.e. in each local trivialization), our covariant derivative can be written as V4 for some
unique matrix-valued function A. Finally, proposition 6.3 tells us how A changes when we perform
a change of local trivialization.

7 Connections/Covariant Derivatives

Let’s begin by defining covariant derivatives on R”. The case of a covariant derivative on a vector
bundle over a manifold is locally the same as the IR"” case. Throughout, as usual, U C R" is a
connected open set.

First I should define what an RF-valued differential form on U is. Let S, denote the group of all
bijections o : {1,..., £} — {1,..., £} and write

(—1)7 = {1 if o € Ay = the alternating group,
-1 ifo ¢ A,

For ¢ € Z>1, we denote by:
Af(IRn)* ®Rk
the set of all maps
T: (RN =R"x---x R" — RF

satisfying the following;:
1. Foranyi € {1,.., ¢},
T(ﬁl, oy Ui_1, U + a0, Uiy 1, .., Z_)'g) = T(ﬁl, ey Z_)'g) + aT(77'1, ey Bin1, W, Uia 1, e ?7/)

for all 7y, ..., 7y, @ € R" and all 4 € R. That is to say, T takes in ¢ vectors in R" as input, and is
linear in each of these ¢ vectors separately.

2. For every 7y, ..., 7y € R" and every o € S; we have:
T(Tg(1), - To(e)) = (=1)7T (T, ..., Ty).

So, for example:
T(t1,0a,703,..., 0¢) = —T(¥a, 1, T3, ..., Vg).
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There are several important examples of elements of A’(R")* ® R that we should discuss. As per
usual, (—, —) will denote the dot product on R". Fori =1, ..., nand ii € R* fixed we have elements

floie AYR")* @ RF
defined by
fHiR" — R
(@) = (@, 8)i

where ¢; € R" is the i’th standard basis vector.
As a bit of notation: if k = 1 then we write

AYRMY = AR @R
Next, if we have T, € A*(R")* and T, € A’(R")* @ RF we define a new element

T, ATy € AP (R")* @ RF
by the formula

1

(Ta A Ty) (D1, s Tagp) = a1l

Yo (V) Ta(Bo1ys s To(a)) To (To(asn)s s Vor(as))-

UE€Satp
The main example to keep in mind here it that if S, T € A!(R")* then
(SAT)(7,@) = S(7)T(w) — S(@)T (7).
Lemma 7.1. If T, T, € AY(R")* @ R¥ and a € R then the map
(Th + aTo)(¥4, ..., Up) == T1 (1, ..., U¢) + aTo(V1, ..., Tp)

is also in A*(R")* ® R, Hence A'(IR")* @ R¥ is a real vector space. Furthermore:
dimg AY(R")* @ RF = k(’Z) .

Since A’(R")* ® R is a finite dimensional real vector space, it makes sense to discuss smooth maps
f:U — AY(R")* @ RF. These are exactly what differential forms are.

Definition 7.2. A differential /-form valued in R¥ is a smooth function
a:U— AYR")* @ RE,

Our notation for evaluating & at a point x € U to get an element of A‘(R")* ® R¥ is: a, €
A[(IR”)* @ Rk. So, for x € U and 7, ..., 7 we have

(71, ..., 7y) € RE,

We denote
Q' (U; RY) := c=(U, A'(R")* @ RF)

and when k = 1 we simply write Q(U).
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Fixing #f € R¥ there are several important R¥-valued differential forms we should discuss. First of
all, fori = 1, ..., n we denote by

dx' @ ii
the constant function
U — AY(R")* @ RF
X fl @il
Lemma?7.3. Leta € Q! (U; R) and write 1, .., Py, for the standard basis for R¥. Then there exists unique
smooth functions fl.]y_,ié :U— Rforj=1,..kandi, €€ {1,..,n} satisfying

J ol
iy = U P

such that

n

k
-y
j=1i

A covariant derivative is essentially just a generalization of the gradient operator V.

......

8 Seiberg-Witten: local theory

To avoid discussing annoying geometry stuff, I want to look at the Seiberg-Witten equations on the
unit ball B;(0") C R".

Unfortunately, we need to discuss a bit about spinors. Recall that every Lie group G has a Lie
algebra g. The representations of the Lie algebra g can be computed using some (admittedly com-
plicated) linear algebra. In particular, one can write computer code to classify all of them (for
example, http://www-math.univ-poitiers.fr/ maavl/LiE/form.html). However, while taking
derivatives shows that

every representation of G induces a representation of g,
the converse is not true! As we will see, spinors live in a representation of the Lie algebra
so(n) = {X € My(R) : XT = -X}

which do not come from representations of SO(n).

Theorem 8.1. Let G be a connected Lie group. If 11(G) = 0 then every representation of the Lie algebra g
is the derivative of a representation of g. More generally, if 711 (G) # 0 then let 7t : G — G be the universal
cover of G. Then G is a Lie group and the derivative of 7t at the identity element induces an isomorphism
between the Lie algebra of G and g. Thus every representation of g is the derivative of a representation of G.

If you only care about spinors in dimensions n = 3,4 (which is the relevant case for Seiberg-
Witten, at least for the moment), skip to 8.7!

Let’s see what happens in the special case G = SO(n).
Throughout, I will assume n > 3. The Lie group SO(n) is connected, but not simply connected.

Since SO(n) consists of n x n matrices, it acts on R” and, since the matrices are orthogonal, it
preserves the lengths of vectors. Thus we have an action:

SO(n) acts on "1 C R™.
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Lemma 8.2. The action of SO(n) on S"~1 is transitive. i.e. for any 7, € S"~1, there existsan A € SO(n)
such that AT = .

Lemma 8.3. Consider the stabilizer of & € S"~1:
{A€SO(n) : Aey =é}.
This is the set of all A € SO(n) such that
A= Ap = {(1) Z:i;i
foralli =1,...,n. This subgroup is closed in SO(n) and is isomorphic to SO(n — 1).
Lemma 8.4. The quotient of SO(n) by the above stabilizer subgroup is diffeomorphic to S"~1.
So, if 7t : SO(n) — S"~! is the quotient map and if i : SO(n — 1) < SO(n) is the map

then the fibration
SO(n—1) = SO(n) & s"1

gives rise to the long exact sequence in homotopy groups:
ce = m(SO(n)) - = m(STTY) = T (SO(n—1)) = m(SO(n)) — m (") — 0.

To analyze this long exact sequence we’ll need the following result.

~

Proposition 8.5. For k < n we have i (S") = 0 and for k = n we have 1, (S") = Z.

Since we're assuming n > 3, we have n —1 > 2 and so sn—1 g simply connected. When n > 4
we have n — 1 > 3 and so, in this case, we also have 772(5”’1) = 0. So, for n > 4 the following

sequence is exact:
0 — m1(SO(n—1)) = m(SO(n)) — 0

thus
m1(SO(n — 1)) = 711 (SO(n)).

What happens when n = 3? In this case we the following tricky result.
Proposition 8.6. SO(3) is diffeomorphic to RP3.

Finally, recall that RP? is the quotient of S3 by the antipodal map. The quotient map S® — RP® is
a covering space whose fibers each have exactly two elements. Thus 711 (RP?) is a group with two
elements. The only such group is Z /2. Putting all of this together we arrive at the following.

Proposition 8.7. Forn > 3, m11(SO(n)) = Z/2.

To avoid doing a bunch of algebra, let’s stick to the most important cases for the Seiberg-Witten
equations: n = 3,4. Consider the Lie group

SU2) ={A e M(C) : AA* = A"A = I, and det(A) =1}

where A* := A" with A4 denoting complex conjugate of all entries.
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Theorem 8.8. The universal cover of SO(4) is SU(2) x SU(2) and the universal cover of SO(3) is SU(2).

Proof. First, we notice that every element of SU(2) can be written uniquely as

<_Zw Z;) for z,w, € C satisfying |z|? + |w|* = 1.

Next, we define two actions of SU(2) on IR*. First of all:

X1 Y1X1 — Y2X2 — Y3X3 — Y4X4

( yitiya  ys+ iy4> x| . | ax2 T Y2Xe F Y3Xa — YaXs
—Ys+iys y1—iys X3 Y1X3 + Y3X1 + YaXo — YoXa
Xy Y1X4 + YaX1 + Y2X3 — Y3X2

The other action we define is a right action:

X1 X1Y1 — X2Y2 — X3Y3 — X4Y4
x| ( vty yst iy4) | xy2 + xayn + xays — xays
X3 —ys+iyy y1—iy2) | X1ys + X3y1 + X4y2 — X2V
X4 X1Y4 + X4Y1 + X2Y3 — X312

Using these actions we define a homomorphism:

K :SU(2) x SU(2) — GL(RR*)
(A,B) — [X— A-X-B"].
There are several things we need to check, the first of which is that the image of x is contained in

SO(4) (in fact, the image will be equal to SO(4)). To check this, it suffices to check it on elements of
the form (A, Ir«7) and (Ipx2, B) for elements A, B € SU(2) of the form:

z 0 0 1 0 -1
<O z) for |z| =1, <i 0>,and (1 0>

since these generate SU(2). This verification is left to the reader. So we now have that « is a
homomorphism:

K : SU(2) x SU(2) — SO(4).

We will omit the proof that « is surjective out of laziness.

Next, we need to compute the kernel of k. The pair (A, B) is in the kernel if and only if (A, B)X = ¥
for all ¥ € R*. So, let:

_( ay+iay az+ia « [ b1+iby  bs+iby
A= (—ag +iay aq — ilZz) and B" = (—bg +iby by —iby

Note: the b;’s are the entries of B* not B!!!

We will check the identity x(A, B)X = X for the special case of ¥ = &, the standard basis vectors.
We compute:

m
ar bl + ibz b3 + il’]4

KA B =1 o '<—b3+ib4 bl—ibz)
a4

a1by — azby — azbz — asby
a1by + apyby + azby — agbs
a1bs + azby + agby — axby
a1by + agby + arby — azby

S O O
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Now, since A, B € SU(2) we know that b% + b% + bg + bﬁ = 1. So, let’s multiply the first row by by,
the second row by by, and add them together. The result is:

= a1(b? 4 b3) — ayboby — azbsby — agbyby + asbyby + azboby — agbybs
= a1(b? 4 b3) — b3 (azby + agby) — by(ashy — azby)

= a1 (b3 +b3) — b3(—a1bs + asby) — by(—arby — azbs)

— (R +8) +m (R + 1))

— 4.

Similarly, we can multiply the first row by b, and subtract the second row times b; to obtain (after
a similar computation) that b, = —a,. The same type of argument also shows that b3 = —a3 and
by = —ay. Thus:

(A, B) in the stabilizer of &, <= B* = <a1 i s —.za4> = A"
az —1iag a1 +1idp

thus A = B. In particular, if we let
1:SU(2) = SU(2) xSU(2), 1(A):=(AA)

then the composition x o ¢ : SU(2) — SO(4) has the stabilizer of & as its image. Since this stabilizer
is isomorphic to SO(3) we see that « o ¢ gives us a homomorphism SU(2) — SO(3).

Now, let’s continue our computation with the x(A, B)é, = & equation. However, since we're
computing the kernel, the €;-case shows us that we have A = B and so we only need to analyze
«(A, A)é; = €. This equation can be computed out to be:

—apa1 — a1ay — A4a3 + azay 0
20 220 2
—a; +af +ag + a3 _ 1
—apas + agaq — asapy — aidy 0
—apa, — asay + a1as — agan 0
The first of these equations becomes a1ap = —aja; and therefore aja, = 0. Similarly, the third

and fourth of these equations yield ajay = 0 = aja3. However, A € SU(2) so we know that
a% + a3 + a3 + a5 = 1 and we can combine this with the second equation to get —2a2 = 0 hence
ay = 0. Doing this for (A, A)é; = &3 and k(A, A)éy = €, only gives us two new equations:

—aj+ai+al+ai=1
—ai+ a3 +a5 a3 =1
which, similar to the a, case, demonstrate that a3 = 0 = a4. All together, we’re only left with one

equation:
a? =1, ie a; ==+l

ker(x) = {<j61 i01>} ~7/2

as desired. Thus SU(2) x SU(2) is indeed the double-cover of SO(4) and « is our covering map.
In the same way, k o ¢ gives us a surjective homomorphism SU(2) — SO(3) with the exact same
kernel as above (= Z/2) so SU(2) is the universal cover of SO(3). O

So we see that

Definition 8.9. The homomorphism

SU(2) x SU(2) — SU(2) C GL(C?)
(A,B)— A
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is called the positive spinor representation of s0(4) and the copy of C? on the right hand side of
the above is denoted by S . The negative spinor representation of so(4) is:

SU(2) x SU(2) — SU(2) € GL(C?) = GL(S_)
(A,B) — B.
Finally the representation of SU(2) given by the identity map
SU(2) — SU(2) € GL(C?)

is called the spin representation of s0(3) and the copy of C? on the right hand side is denoted by
S. Note: when people say spinor they usually mean either a smooth function

¢ :B1(0%) = S

or a smooth function
¢ :B1(0%) — Sy ory: By(0%) —S_.

9 Sheaves

Here I would like to give an example of a sheaf that is not (explicitly) a sheaf of functions. This is
perhaps the most important example for algebraic geometers and number theorists.

Definition 9.1. Let R be a commutative unital ring. Recall the following:

1. Anideal in R is a subset I C R which contains 0 € R, is closed under addition, closed under
subtraction, and has the property that for every s € I and every r € R we havers € I.

2. A prime ideal in R is a proper ideal P C R with the following additional property: if a,b € R
and ab € P then at least one of a or b must be in P.

3. We denote
Spec(R) := {P C R : Pisa prime ideal}.

In any ring, I will denote the zero ideal {0} by either (0) or simply 0 (or sometimes (0)).
Example 9.2. Consider R = Z. For any ideal I in R there exists a unique n € Z>¢ such that
[=Zn={nz : z€Z}.

Why is this? Well, first of all notice that if I = R then we get n = 1 since Z1 = Z and if n # 1 then
n—1 ¢ I, contradicting I = R. Next, we claim that:

n=min{|z| : ze€ I\ {0}}.

This minimum exists in Z> since Z>1 is bounded below. Furthermore, if z € I is the element such
that n = |z| then we have two cases: if z > 0 then n = z and so n € I. Otherwise, z < 0 and here
n=—z=(—1)zbutthisisin [ sincez € [ and —1 € Z. Thus n € I and so

Zn C 1.

Now, let y € I be arbitrary. By the definition of n we have n < |y| and so by long division there
existsak € Z>q1 and r € {0, ...,n — 1} such that

ly| = kn+r.
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In either of the cases y > 0 or y < 0 we have |y| € I. Sincen € I and k € Z we also have kn € I
since I is an ideal. Therefore
r=|y|—knel

Butr € {0,..,n — 1} thus r € [ and |r| < n. Therefore, by the definition of #, we must have r = 0
and so |y| = kn € Zn. Therefore y = +|y| € Zn as well. Since y € [ was arbitrary we have arrived
at

I C Zn hence I = Zn.

Finally, to get uniqueness of #n notice that if
Zn = Zm, forsomem € Zx

thenm € I\ {0} hence n < |m| = m. However, there must exist some k € Z \ {0} such that n = km
since n € Zm. Thus
km = km = n therefore m <nandson =m

as desired.
Okay, so we've now proven our classification of all ideals in Z. What about prime ideals?

The ideal Zn is prime if and only if n is zero or a prime number (you can prove this with the
fundamental theorem of arithmetic). Therefore:

Spec(Z) = {Zp : p € Z> is either 0 or prime}.
For the next example we will need some lemmas.

Definition 9.3. Since every ring R is an abelian group under addition and every ideal I in R is a
additive subgroup, we can form the quotient group R/I. Given x € R, we write its [-coset as

x+IeR/IL

Lemma 9.4. For R commutative unital and I an ideal of R, the quotient R/ 1 is also a ring with multiplica-
tive identity given by 1 + I and multiplication defined by:

(x+D)(y+1):=xy+ 1L
We will denote the additive identity 0 + I simply by 0 out of laziness.

Lemma 9.5. Let R be a commutative unital ring and I < R an ideal. Then I is prime if and only if the
quotient R/ 1 is an integral domain (i.e. for every x + 1,y +1 € R/, if (x +1I)(y + I) = O then either
x+1=00ry+1=0).

Example 9.6. Let’s look at the ring R = Z/n. First, we claim: for any ideal I IZ/n, there exists a
divisor m of n such that
I=(Z/n)ym={[zm| € Z/n : z€ Z}.

Indeed, I is in particular an additive subgroup of Z/n and we know that every additive subgroup
is of this form. Next, the second isomorphism theorem for rings (I think) tells us that

R/I=Z/m.

But now, Z/m is an integral domain if and only if m is prime. Indeed, if m is prime then this is
a field so we're done. If m is not prime then m = ab for some a,b € {2,...,m — 1}. But now both
[a] # 0and [b] # 0 in Z/m meanwhile [a]|[b] = [ab] = [m] = 0 in Z/m therefore Z/m is not an
integral domain. In conclusion:

Spec(Z/n) ={(Z/n)p : p € {2,..,n—1}is prime and p divides n} U {(0) }.
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Example 9.7. Let’s consider the ring
R=Zli|={a+bi : a,becZ}

of Gaussian integers. Here I will start to simply cite some results from Dummy and Cripple. First
of all, Z[i] is a Euclidean domain with norm function given by

N(a + bi) := a® + b*.
As such, Z]i] is a PID and a UFD, so all ideals I are of the form
[=Z[i|(a+ib) ={(c+id)(a+ib) € Z[i] : c,d € Z}

for some a + ib € Z[i] and such an ideal is prime if and only if the element a + ib is irreducible.
Using the norm function there is a well-known classification of such irreducible elements. Namely,
a + ib is irreducible if and only if one of the following holds:

1. a=0, |b| =4n+ 3 for some n € Z>(, and || is prime in Z,
2. b=0,|a| =4n+3forsomen € Z>(, and |a| is prime in Z,
3.a#0,b#0,and N(a + ib) = a® + b? is prime in Z.

For the next example, we recall the following theorem.

Theorem 9.8. For any field k, the polynomial ring k(x| is a principal ideal domain (PID). i.e. for any ideal
I in k[x], there exists p(x) € k[x] such that I = (p(x)) (here (p(x)) is the notation we use for the ideal
generated by p(x)).

For the analysis below, we will also need the following notion.

Definition 9.9. Let R be commutative unital and m C R a proper ideal. Then m is called a maximal
ideal if and only if whenever I C R is a proper ideal with m C I we must have m = I.

Example 9.10. Let’s consider the ring
R = CJx] = { all polynomials in x with coefficients in C}.

By the above theorem, we know that C[x] is a PID. So, let I = (p(x)) be an ideal. By the fundamen-
tal theorem of algebra we can factor p(x) as:

p(x) = (x —a1) - (x —ag)

where d is the degree of p(x) and ay,...,a; € C are its roots (listed with repetition). Now, for any
two non-zero polynomials f(x) and g(x) we have

deg(f(x)g(x)) = deg(f(x)) + deg(g(x))

and
deg(f(x) + g(x)) = max{deg(f(x)), deg(g(x))}-
Therefore every polynomial in I = (p(x)) has degree at least d. Therefore, the polynomials

f(x) =x—ap and g(x) = (x —ap)--- (x —ay)

are both not in I and yet f(x)g(x) = p(x) € I. Thus, unless d = 1 and so g(x) doesn’t exist, the
ideal I is not prime. Therefore the only remaining candidates for prime ideals in C[x] are the ideals:

I=(x—a) CClx| for a € C.
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Notice that these ideals are indeed all prime (in fact, they are maximal) since the ideal (x — a) is the
kernel of the surjective homomorphism

Clx] = C
h(x) — h(a)

thus by the first isomorphism theorem for rings we have
Clx]/(x—a)=C
and C is an integral domain, hence (x — a) is a prime ideal. Therefore:
Spec(Clx]) ={(x—a) : a € C} =C.

At the moment this is just a bijection with C, but in fact this is a homeomorphism if you give both
Spec(C[x]) and C their Zariski topologies. Also, notice that in this example every prime ideal is
maximal. That was not the case for Z and it won’t be the case in the next example either.

Theorem 9.11. If R is a UFD then the polynomial ring R|[x] is a UFD.
Lemma 9.12. Let R be commutative unital and wm an ideal. Then w is maximal if and only if R/m is a field.

Example 9.13. Let’s consider the ring
R =Clx,y]

of all polynomials in two variables: x, y, with coefficients in C. By the above theorem this is a UFD,
but it is our first example which is not a PID! So not every ideal in C|[x, y] is generated by a single
element.

Let’s first figure out what the maximal ideals look like. For any 4,0 € C we have a surjective
homomorphism

whose kernel is the ideal with two generators:
(x —a,y—b) <C[x,y].

Therefore, by the first isomorphism theorem for rings and the above lemma we have that (x —a,y —
b) is maximal.

In fact, we claim that for any maximal ideal m of C|[x, y] there exists unique 4, b € C such that
m=(x—ay—D0).

The set Spec(R) for a general commutative unital ring R is not merely a set: there is a natural
topology on it called the Zariski topology.

Definition 9.14. We say a subset X C Spec(R) is closed in the Zariski topology if and only if there
exists an ideal I C R such that

X =V(I):={P € Spec(R) : I C P}.

A subset U C Spec(R) is called open in the Zariski topology if and only if its complement U is
closed.
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Proposition 9.15. The collection of open subsets of Spec(R), as defined above, actually define a topology on
Spec(R) (i.e. they satisfy the axioms of a topology). This is called the Zariski topology.

Proposition 9.16. For each f € R, the subset:
D(f) :={P € Spec(R) : f ¢ P}

is open. Furthermore, the collection of open sets D(f) for every f € R is a basis for the Zariski topology on
Spec(R).

So, given a commutative unital ring R we get a topological space Spec(R). We want to turn this
into something called a “locally ringed space”. To do this, we need to give it a structure sheaf so
let’s start laying the groundwork of how that is defined.

Definition 9.17. Let R be a commutative unital ring and S C R a subset which is closed under
multiplication and has 1 € S. We define the localization of R along S to be the ring denoted by
S~1R and defined as follows. First, consider the set

X:={(ab) : a€R, beS}.
We define an equivalence relation ~ on X by:
(a1,b1) ~ (ap,by) if and only if there exists s € S such that s(bya; — biay) = 0.

We then set:
STIR:=X/ ~

and we denote the ~-equivalence class of the pair (a,b) by ab~! € S~!R. We can now define the
various ring operations on S~!R by:

1. ayb; ! + azby ' = (baay + byaz) (biby) 7,
2. (arby!) - (azby ') := (araz) (biba) ™"

RECALL: When I say “unit” in ring theory,  mean any element which has a multiplicative inverse.
I do not mean the identity element!

Proposition 9.18. Let S, R and S™'R be as in the above definition. Then:

1. The ring operations -+, are well-defined. Furthermore, 01~ € S™IR is an additive identity and
1171 € SR is a multiplicative identity.

2. There exists additive inverses for all elements and they are given by: —(ab™1) = (—a)b™ 1.

3. There exists multiplicative inverses for all elements of the form s1~1 with s € S, and they are given by
(s17 )1 =1s"1

4. Themap @ : R — S™IR given by ¢(r) := r1~1 is a ring homomorphism.

5. (Universal Property of Localization) If f : R — T is any ring homomorphism such that f(s) is
a unit in T for every s € S then there exists a unique ring homomorphism f : ST'R — T such that

foo=f

Definition 9.19. In the special case where S = R\ P for some prime ideal P we denote Rp := S™IR
and call this the localization of R at P. Similarly, suppose we had an element s € R such that

s=A{1, 5,52,53,...}.

Then we denote Rs := S™!R and call this the localization of R away from s.
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Important Note: Consider the special case where R = Z. We can then localize along the prime
ideal Z2 to get:

Zyzy={a/beQ : abeZ, gcd(a,b) =1, b #0, 2does not divide b}.
On the other hand, we have:
Z,~{a/2*cQ :ae2 keZ}.

Notice that these two rings are very much not the same! (Also: notice the terrible notation Z!!!
This is unfortunately the same notation as the ring of 2-adic integers despite being completely
different from that ring!)

Proposition 9.20. Let R be a commutative unital ring, P € Spec(R) a prime ideal and f € R such that
f & P. Then the map

(Pf,P . Rf — Rp
rf ke rfk
is a ring homomorphism.

Definition 9.21. Let X := Spec(R). We will now define a sheaf Ox on the topological space X
called the structure sheaf of X. For U C Spec(R) open we let:

Ox(U) := theset of all functions s : U — | | Rp satisfying the following:
PeU

1. s(P) e Rpforall P € U,
2. for every P € U there exists a f € R and an element rf ¥ € R £ such that
PeD(f)cU

and

s(Q) = gof,Q(rf*k) for every Q € D(f).

Theorem 9.22. For X = Spec(R), Ox as defined above is a sheaf.
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